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連續隨機變數的期望值與變異數的計算和離散隨機變數相類似，但前者的計算包含

了微積分的概念，公式的推導將於進階的教科書中再介紹。

本節所介紹的均勻機率分配，其期望值和變異數的公式為：

 

What observation can you make about the area under the graph of f (x) and probability?
They are identical! Indeed, this observation is valid for all continuous random variables.
Once a probability density function f (x) is identified, the probability that x takes a value be-
tween some lower value x1 and some higher value x2 can be found by computing the area
under the graph of f (x) over the interval from x1 to x2.

Given the uniform distribution for flight time and using the interpretation of area as
probability, we can answer any number of probability questions about flight times. For
example, what is the probability of a flight time between 128 and 136 minutes? The width
of the interval is 136 � 128 � 8. With the uniform height of f (x) � 1/20, we see that
P(128 � x � 136) � 8(1/20) � .40.

Note that P(120 � x � 140) � 20(1/20) � 1; that is, the total area under the graph of
f (x) is equal to 1. This property holds for all continuous probability distributions and is the
analog of the condition that the sum of the probabilities must equal 1 for a discrete proba-
bility function. For a continuous probability density function, we must also require that
f (x) � 0 for all values of x. This requirement is the analog of the requirement that f (x) � 0
for discrete probability functions.

Two major differences stand out between the treatment of continuous random variables
and the treatment of their discrete counterparts.

1. We no longer talk about the probability of the random variable assuming a particu-
lar value. Instead, we talk about the probability of the random variable assuming a
value within some given interval.

2. The probability of the random variable assuming a value within some given inter-
val from x1 to x2 is defined to be the area under the graph of the probability density
function between x1 and x2. It implies that the probability of a continuous random
variable assuming any particular value exactly is zero, because the area under the
graph of f (x) at a single point is zero.

The calculation of the expected value and variance for a continuous random variable is anal-
ogous to that for a discrete random variable. However, because the computational proce-
dure involves integral calculus, we leave the derivation of the appropriate formulas to more
advanced texts.

For the uniform continuous probability distribution introduced in this section, the for-
mulas for the expected value and variance are

In these formulas, a is the smallest value and b is the largest value that the random variable
may assume.

Applying these formulas to the uniform distribution for flight times from Chicago to
New York, we obtain

The standard deviation of flight times can be found by taking the square root of the vari-
ance. Thus, σ � 5.77 minutes.

Var(x) �
(140 � 120)2

12
� 33.33

E(x) �
(120 � 140)

2
� 130

Var(x) �
(b � a)2

12

E(x) �
a � b

2
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To see that the probability
of any single point is 0,
refer to Figure 6.2 and
compute the probability 
of a single point, say,
x � 125. P(x � 125) �

P(125 � x � 125) �

0(1/20) � 0.
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在以上公式中，a 為隨機變數的最小值，b 為最大值。

應用這些公式來計算從芝加哥到紐約的飛行時間之均勻分配，我們可以得到：
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標準差為變異數的正平方根，因此，σ＝5.77 分鐘。

評  註

為了更進一步顯現機率密度函數的機率不是高度，可以觀察下列的均勻機率分配：
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NOTES AND COMMENTS

1. For a continuous random variable the proba-
bility of any particular value is zero; thus,
P(a � x � b) � P(a � x � b). This result shows
that the probability of a random variable assum-
ing a value in any interval is the same whether
or not the endpoints are included.

2. To see more clearly why the height of a proba-
bility density function is not a probability, think
about a random variable with the following uni-
form probability distribution.

The height of the probability density function, f (x),
is 2 for values of x between 0 and .5. However, we
know probabilities can never be greater than 1.
Thus, we see that f (x) cannot be interpreted as the
probability of x.

f (x) � �2

0
    

0 � x � 0.5

elsewhere

Exercises

Methods
1. The random variable x is known to be uniformly distributed between 1.0 and 1.5.

a. Show the graph of the probability density function.
b. Compute P(x � 1.25).
c. Compute P(1.0 � x � 1.25).
d. Compute P(1.20 � x � 1.5).

2. The random variable x is known to be uniformly distributed between 10 and 20.
a. Show the graph of the probability density function.
b. Compute P(x � 15).
c. Compute P(12 � x � 18).
d. Compute E(x).
e. Compute Var(x).

Applications
3. Delta Airlines quotes a flight time of 2 hours, 5 minutes for its flights from Cincinnati to

Tampa. Suppose we believe that actual flight times are uniformly distributed between 
2 hours and 2 hours, 20 minutes.
a. Show the graph of the probability density function for flight time.
b. What is the probability that the flight will be no more than 5 minutes late?
c. What is the probability that the flight will be more than 10 minutes late?
d. What is the expected flight time?

4. Most computer languages include a function that can be used to generate random numbers.
In Excel, the RAND function can be used to generate random numbers between 0 and 1. If
we let x denote a random number generated using RAND, then x is a continuous random
variable with the following probability density function.

a. Graph the probability density function.
b. What is the probability of generating a random number between .25 and .75?
c. What is the probability of generating a random number with a value less than or

equal to .30?
d. What is the probability of generating a random number with a value greater than .60?

f (x) � �1

0
    

0 � x � 1

elsewhere

testSELF

testSELF
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其他

在 x 值為 0 到 0.5 之間的機率密度函數 f (x) 高度為 2，但機率值一定不會大於 1。因此，我們不能視機

率密度函數值 f (x) 為機率值 x。

　習　題

方法

1. 已知隨機變數 x 是介於 1.0 到 1.5 間的均勻分配。

a. 繪製機率密度函數圖形。

b. 求 P(x＝1.25)。

c. 求 P(1.0 # x # 1.25)。

d. 求 P(1.20 , x , 1.5)。

2. 已知隨機變數 x 在 10 到 20 之間具有均勻分配。

a. 繪製機率密度函數圖形。

b. 求 P(x , 15)。

c. 求 P(12 # x # 18)。

d. 求 E(x)。

e. 求 Var(x)。

testSELF
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應用

3. Delta 航空公司聲稱其飛機由辛辛那提到檀帕的飛行時間為 2 小時又 5 分鐘，假

設我們相信實際的飛行時間是介於 2 小時與 2 小時 20 分鐘之均勻分配。

a. 繪製飛行時間的機率密度函數圖形。

b. 飛機遲到時間不超過 5 分鐘的機率為何？

c. 飛機遲到時間超過 10 分鐘的機率為何？

d. 平均飛行時間為何？

4. 大部分的電腦語言皆有產生亂數 (random numbers) 的函數。在微軟的 Excel 中，

RAND 函數可以用來產生 0 與 1 之間的亂數。如果 x 表示所產生的亂數，則 x 是

個連續隨機變數且具有下列機率密度函數：
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testSELF

testSELF
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其他

a. 繪製機率密度函數圖形。

b. 在 0.25 到 0.75 之間產生亂數的機率為何？

c. 在小於或等於 0.30 的區域產生亂數的機率為何？

d. 在大於 0.60 的區域產生亂數的機率為何？

e. 在 Excel 工作表中以 ＝RAND() 函數在 50 個儲存格產生 50 個亂數。

f. 計算 (e) 的亂數的平均值及標準差。

5. 根據調查，PGA 的巡迴賽中排名前 100 名的高爾夫球選手的平均擊球距離是 

284.7 碼到 310.6 碼 (Golfweek, March 29, 2003)，假設選手擊球的距離在此區間內

呈均勻分配。

a. 請以數學公式表示擊球距離的機率密度函數。

b. 一位選手擊球距離少於 290 碼的機率為何？

c. 一位選手擊球距離至少 300 碼的機率為何？

d. 一位選手擊球距離介於 290 碼到 305 碼的機率為何？

e. 這些選手有多少人擊球距離至少 290 碼？

6. 清潔劑上的標籤顯示重量有 12 盎司，在生產過程中每瓶填充的重量為均勻分配

且機率密度函數為：

 

5. The driving distance for the top 100 golfers on the PGA tour is between 284.7 and 310.6
yards (Golfweek, March 29, 2003). Assume that the driving distance for these golfers is
uniformly distributed over this interval.
a. Give a mathematical expression for the probability density function of driving distance.
b. What is the probability the driving distance for one of these golfers is less than 290

yards?
c. What is the probability the driving distance for one of these golfers is at least

300 yards?
d. What is the probability the driving distance for one of these golfers is between 290

and 305 yards?
e. How many of these golfers drive the ball at least 290 yards?

6. The label on a bottle of liquid detergent shows contents to be 12 ounces per bottle. The
production operation fills the bottle uniformly according to the following probability den-
sity function.

a. What is the probability that a bottle will be filled with between 12 and 12.05 ounces?
b. What is the probability that a bottle will be filled with 12.02 or more ounces?
c. Quality control accepts a bottle that is filled to within .02 ounces of the number of

ounces shown on the container label. What is the probability that a bottle of this liq-
uid detergent will fail to meet the quality control standard?

7. Suppose we are interested in bidding on a piece of land and we know there is one other
bidder.* The seller announced that the highest bid in excess of $10,000 will be accepted.
Assume that the competitor’s bid x is a random variable that is uniformly distributed be-
tween $10,000 and $15,000.
a. Suppose you bid $12,000. What is the probability that your bid will be accepted?
b. Suppose you bid $14,000. What is the probability that your bid will be accepted?
c. What amount should you bid to maximize the probability that you get the property?
d. Suppose you know someone who is willing to pay you $16,000 for the property. Would

you consider bidding less than the amount in part (c)? Why or why not?

6.2 Normal Probability Distribution
The most important probability distribution for describing a continuous random variable is
the normal probability distribution. The normal distribution has been used in a wide va-
riety of practical applications in which the random variables are heights and weights of
people, test scores, scientific measurements, amounts of rainfall, and so on. It is also widely
used in statistical inference, which is the major topic of the remainder of this book. In such
applications, the normal distribution provides a description of the likely results obtained
through sampling.

Normal Curve
The form, or shape, of the normal distribution is illustrated by the bell-shaped normal curve
in Figure 6.3. The probability density function that defines the bell-shaped curve of the nor-
mal distribution follows.

f (x) � �8

0
    

11.975 � x � 12.100

elsewhere
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Abraham de Moivre, a
French mathematician,
published The Doctrine of
Chances in 1733. He
derived the normal
distribution.

*This exercise is based on a problem suggested to us by Professor Roger Myerson of Northwestern University.
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其他

a. 填充重量在 12 盎司到 12.05 盎司之間的機率為何？

b. 填充重量等於或大於 12.02 盎司的機率為何？

c. 品質管制接受在標籤所示重量 ± 0.02 盎司內的產品，則一瓶清潔劑未能符合

品管標準的機率為何？

7. 假設我們現在想要購買一塊地，而且我們也知道有其他競爭者，* 地主宣稱出價

*  此練習題由西北大學 Roger Myerson 教授提供。

testSELF
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超過 $10,000 的最高價者就可得標。假設競爭者的出價 x 是一個隨機變數且為介

於 $10,000 與 $15,000 之間的均勻分配。

a. 假設你出價 $12,000，得標的機率為何？

b. 假設你出價 $14,000，得標的機率為何？

c. 你要出價多少才能使你得標的機會為最大？

d. 假設你知道有人願意以 $16,000 再買你這塊地，你在此時的出價會小於 (c) 

嗎？為什麼？

6.2　常態機率分配

常態機率分配 (normal probability distribution) 可以說是描述連續隨機變數最

重要的機率分配。常態分配的運用範圍很廣，諸如身高、體重、測驗的分數、科學

測量、降雨量等等的數據。統計推論中也廣泛地使用常態分配，這也是本書接下來

要介紹的主要重點。在統計推論中，可以利用常態分配來描述抽樣得到的結果。

常態曲線

常態機率分配的形狀如圖 6.3 所示為一「鐘形」曲線，此鐘形曲線的機率密度

函數定義如下。

常態機率密度函數
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NORMAL PROBABILITY DENSITY FUNCTION

(6.2)

where

μ �

σ �

π �

e �

mean

standard deviation

3.14159

2.71828

f (x) �
1

σ �2
 
π

 e
�(x�μ)2�2σ2

Mean

x
μ

Standard Deviation σ

FIGURE 6.3 BELL-SHAPED CURVE FOR THE NORMAL DISTRIBUTION

We make several observations about the characteristics of the normal distribution.

1. The entire family of normal distributions is differentiated by its mean μ and its stan-
dard deviation σ.

2. The highest point on the normal curve is at the mean, which is also the median and
mode of the distribution.

3. The mean of the distribution can be any numerical value: negative, zero, or posi-
tive. Three normal distributions with the same standard deviation but three differ-
ent means (�10, 0, and 20) are shown here.

The normal curve has two
parameters, μ and σ. They
determine the location and
shape of the normal
distribution.

–10 0 20
x
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 (6.2)　

其中

	 µ＝平均數

	 σ＝標準差

	 π＝3.14159

 e＝2.71828

法國數學家  Abr-
aham de  Moivre 
於  1 7 3 3  年出版 

The  Doc t r ine  o f 

Chances 一書，他
導出常態分配。

常態分配之鐘形曲線圖 6.3

Mean

x
μ

Standard Deviation

平均數

標準差 σ
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